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Then the energy factors in Eq. (11) can be written as 
and the exchange term can be written as 
When these expressions are substituted into Eq. (11) the result is 
The first term on the right-liand side of  Eqs. (13) 
and (14) combine in Eq. (11) to give zero, when  I  versity Faculty Research Fund. 
the completeness and orthogonality of  the eigen- 
states of  H,  are used,  along with the commuta- 
tion relations.  Equation (15) sho~vs  that for non-  'K.-H.  Yang,  hn.  Phys.  (N,Y.) =,  62  (1976). 
resonance,  A f 0, the matrix eleinent M,  is  not  %. H.  k'obe and A,  L, Smirl, to be published. 
equal to M, .  For resonance,  QJ,  J. Forney,  A.  Quattropanf,  and F. Bassani, Nuo- 
vo Cimento 2,  78 (1977)- 
M,  =M, for A = 0. 
Thus, in the case of  resonant two-photon ab- 
sorption,  either interaction may be used, '  but 
not in the case of  nonresonance.  The Same con- 
clusions hold for the absorption of  radiation by 
a two-level  atom., 
The example given here sho~vs  that, contrary 
to a widespread ~pinion,~  it does make a dif- 
ference in some problems whether the E,?  in- 
teraction or the Ä.5 interaction is  used.1°  Cor- 
4~,  E.  Lamb, Jr., Phys. Rev. E, 259 (1952). 
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Rev. Lett, 3,  1070 (1977). 
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We  show that information about quasinlolecular electronic binding  energies in transient 
atomic systems of  Z =Z,  +Z2  up  to 184 can be obtained from three sources:  (1)  the im- 
pact-parameter  dependence of the ionization probability;  (21 the ionization probability 
in head-on  collisions as a function of  total nuclear charge 2;  (3)  the delta-electron  spec- 
trum in coincidence with K-vacancy formation in asymmetric collisions.  Experiments 
are  proposed ,md  discussecl. 
In collisions of  very heavy ions 2,  and Z,  it is  of  the order of  the electron mass.  These sys- 
possible to form quasimolecular systems where  tems represent a prototype of  highly relativistic, 
the binding energy of  the inner-shell electrons is  strongly bound  quantum systems and have there- VOLUME  40, NUMBEK  9  PHYSICAL REVIEW LETTERS  27 FEBKUARY  1978 
fore attracted considerable theoretical interest 
over recent years.lt2 A determination of  the 
binding energies in such quasimolecular systems 
would fill in the gap between the normal atoms 
and the still poorly understood nuclear and sub- 
nuclear systems in whicli binding is mediated by 
the strong interaction. 
The experimental investigation meets with two 
difficulties:  (1) The short lifetime of  a quasi- 
molecule is related to a large uncertainty in the 
energy of  the electronic states;  (2) the direct 
measurement of  transition energies by x-ray 
spectroscopy is obstructed by the high nuclear 
y-ray background following nuclear Coulomb ex- 
citation except for Pb or Bi ions.  The nuclear 
background will also make measurements of  the 
X-ray  anisotropy3  for transitions to the lsa  state 
impossible.  In this Letter we show how to use 
the time dependence of  the quasimolecular states 
for the measurement of  binding energies, without 
looking at the X-ray channel. 
Refore we enter the quantitative discussion, let 
us state something about the possible accuracy of 
the measurements.  The energy uncertainty caus- 
es  the electrons to be distributed over a broad 
spectrum of  states leading to ionization of  inner- 
shell electrons.  Since the time variation of  the 
molecular states is known precisely, the energy 
spectrum of  ejected electrons can be calculated 
and the binding energy of  the state from which the 
electrons originate can be inferred.  In principle, 
a precision of  the order of  10% is attainable in 
coincidence measurements of  ionization probabili- 
tie~.~  This would allow for a check of  the pre- 
dicted inner-shell binding energies within an ac- 
curacy of  20 keV.  This is just on the verge of 
ordinary quantum-electrodynamic  effects such as 
vacuum polarization,  It would certainly suffice 
to detect any serious deviation from the predicted 
values of  binding energy. 
We  calculate the direct ionization into the elec- 
tron continuum (E >mc2)  in first-order time-de- 
pendent perturbation theory,  restricting ourselves 
to the most important radial co~pling.~  The tran- 
sition amplitude is expressed as 
k denotes the ion velocity given by the Ruther- 
ford trajectory.  In the wave functions $„(E)  and 
q„ we take into account only the monopole term 
VMp(y,  R)  = (411)-' J da  VTc(F, R) of  the multipole 
expansion of  the exact two-center  potential 
V TC (F, R).  Binding energies of  the 1s U, 2so, 3su, 
and 2pi2u  states and radial matrix elements cal- 
culated in this monopole approximation are in 
agreement to better than 5% when compared with 
exact two-center  calculations up to distances R 
-  500 fm which are most important for direct 
i~nization.~ 
The total ionization Cross section is given by 
where the statistical factor (2j,  + 1) accounts for 
the occupation number of  the initial state. 
Figure 1 shows the number of  lsu vacancies 
per collision, ~(b),  as a function of  the impact 
parameter b for the superheavy quasimolecules 
Z= 140,  164,  and  184,  calculated from Eqs.  (1) 
and (2).  The projectile energy was chosen such 
that the distance of  closest approach is Rmi,  = 20 
fm in each case.  For b  2  20 fm, ~(b)  falls off 
e~ponentially~-~: 
the fall-off constant a(Z)  varyiilg from a(140)  = 27 
fm to a(164)  = 18 fm and a(184)  = 17 fm.  It is im- 
portant to note that the ionization probability 
deviates from an exponential behavior for b < 20 
fm where it becomes nearly a constant.  Analy- 
tical considerations have led to the conclusion 
FIG. 1.  Impact-parameter dependence of  the number 
P(b)  of  lso  vacancies per collision produced via radial 
coupling for 2  = 140, 164, and  184.  R„  = 20 fm deter- 
mines the projectile energy.  P(b)  is normalized to 2. VOLUME  40, NUMBER  9  PHYSICAL REVIEWT LLTTERS  27 FEBRUARY  1978 
that ~(b)  can be represented with good accuracy 
by the following expression8: 
~(b)  =U@)  exp[-~  ,(~,)/r].  (4) 
Here R,(b) is the distance of  closest approach on 
a given Coulomb trajectory with center-of-mass 
energy E ,.,.  , E,(R)  > 0 is the lsa  binding energy, 
v is the ion velocity at infinity,  and 
The function D(Z)  is given by 
(2 = 184 -  2).  The main feature of  formula (4) is 
the one-to-one  correspondence between the bind- 
ing energy E,(R,)  of  the lsu  level at the distance 
of  closest approach and the impact-parameter 
dependence of  the ionization probability ~(b) 
which can be measured experimentally.  The 
falloff constant r has a typical value of  200 keV 
for b  = 0.  An uncertainty AP in the measurement 
of  ~(b)  can be directly related to the uncertainty 
AE of  the E,(R,)  thus deduced,  giving the numbers 
quoted above.  It should be noted that an error in 
D@),  which  could result from the rather compli- 
cated numerical computation,  only leads to a uni- 
form shift of  the energy curve E,(R,),  but leaves 
the shape unaltered.  Also,  since R,(b) -  b for 
large b,  r-  l/b and ~(b)  in Eq.  (4) will take the 
exponential form (3) for large impact parameters. 
We See from Eqs.  (3145) that the value of the 
constant a is related to the binding energy of  the 
state to be ionized. 
For the direct 2pi,0  ionization via radial coup- 
ling,  qualitatively similar results hold.  The im- 
pact-parameter dependence is oiily half  as  steep 
as  that for the lsa  state.  As we have Seen,  this 
fact reflects the smaller binding energy of  the 
2pd2u state.  However,  one has to realize that 
rotational coupling between the 2$Id2a state and 
higher bound  states may modify the calculated 
impact-parameter dependence and also may lead 
to additional contributions for the total Cross sec- 
tion. 
In order to support the strong relation between 
the impact-parameter dependence of  ionization 
and the binding energy of  the initial state, we 
have artifically lowered the binding energy E,(R) 
in our numerical code to E ,(R) -  ~E(R).  In Pb 
+ Pb we have chosen U(R)  = (200 keV) [I- R/ 
(1000 fm)]  and LL~  = 0 for M  > 1000 fm.  In a colli- 
sion with H  16 fm,  P(b  = 0) increases from 
0.085  to 0.15  and the falloff  constant a from 19 to 
31 fm.  Such changes are far outside of  even the 
present experimental uncertainty. 
For symmetric collisions with  136GZ1  +Z26184 
the number of  vacancies produced per collision 
in the lso  shell at 2,  =0  is shown in Fig.  2(a) for 
different ion energies characterized by the dis- 
tance of  closest approach.  The increase for Z 
< 160 is due to the rapidly growing localization of 
the lsu  wave function in the range 130 iZ  < 160 
(the so-called collapse to the center).  For higher 
total charges the binding energy of  the K  elec- 
trons increases strongly (see, e.g.,  Greenberg 
et al.').  Then larger Fourier frequencies are 
needed for ionization which are not available in 
the collision.  Hence the ionization probability is 
reduced again.  The measurement of  ~(b  = 0), 
which is experimentally po~sible,~~*"  would prove 
for the first time the strong electronic binding 
for Z > 160 as  theoretically predi~ted.~  The maxi- 
mum of  ~(b  = 0) shifts from Z=  168 to 2 = 154 if 
one changes the distance of  closest approach 
FIG. 2.  (ai The number of  lscr  vacancies per colli- 
sion for head-on  collisions as function or the total 
Charge 2,  -Z2  for different ion energies.  (b) The same 
for 2pi12a ionization. VOLUME  40, NUMUER  9  PHYSICAL REVIEWr LETTERS  27 FEBRUARY  1978 
from  Rmi,  = 16 to 26 fm,  No  maximum is found 
for low ion energies (Rmi,  > 35 fm).  This is un- 
derstandable because in such distant collisions 
the united-atom limit cannot be reached. 
Similar effects are found for the 211d2a level. 
~(b  = 0) for 2pd2u  ionization via radial coupling 
[~ig.  2(b)]  increases roughly by one order of  mag- 
nitude from 2  = 136 to 168 and decreases again 
by a factor of  2 at Z = 184 as  a result of  the strong 
increase in binding energy, which exceeds even 
that of  the lsa  level.  2pu,u  ionization for head- 
on collisions can be measured using U as  the pro- 
jectile and heavy targets like Au,  Bi,  or Pb, 
whereas more asymmetric systems are prefer- 
able for lsa  experiments in order to evade the 
lso-2po vacancy-sharing process.  Such mea- 
surements would  allow us to investigate the Z 
dependence of  binding energies in the region of 
superheavy elements. 
For the sake of  completeness we show in Fig. 3 
the number of  vacancies produced per collision 
at b  = 0 for the Pb-Pb system as  a function of  the 
ion energy E  for both lso  and 2pi,o  ionization. 
For low ion energies an exponential increase is 
found.  A  comparison with Eq.  (4) may be used to 
obtain information on the binding energy at the 
distance of  closest approach, E,(R,).  This would 
be equivalent to a ~(b)  measurement at fixed scat- 
tering energy. 
Finally,  we wish to discuss the spectrum of  the 
ionized electrons.  Details calculations for Pb 
FIG. 3.  The number of vacancies in the lsa and 
2pIl2u  states for head-on  collisions in the Pb-Pb quasi- 
molecule as 3 function of projcctilc cnergy. 
+ Pb collisions are  being published el~ewhere.~ 
The radial density distribution of  the ionized 
state is reflected in the high-energy part (E 
2  2000 keV) of the electron spectrum, which 
follows from very central collisions (b  s  10 fm) 
only.  Therefore, the spectrum could be thought 
to be a good  source for information about the 
short-distance behavior of  the lso  wave function. 
However,  because of  similar form factor and a 
smaller energy gap,  the high-energy electron 
spectrum resulting from 2pd2a ionization is larg- 
er  than that from lsu  ionization (for 2 > 140). 
Therefore a spectroscopy of  the lso  shell for 
these systems by investigating the distribution of 
the continuum electrons must be performed oll 
asymmetric systems, where the high-energy elec- 
tron spectrum and the K X  rays of  the heavier col- 
lision partner (containing no vacancy-sharing 
contribution) can be measured in coincidence. 
Because of  the excellent agreement between 
our calculation and first experimental res~lts~~'~~'~ 
on the impact-parameter dependence of  inner- 
shell ionization in superheavy quasimolecules 
we are finally led to the conclusion that it should 
be possible to deduce binding energies with an 
accuracy of  less than 20 keV.  This number fol- 
lows from aE  = I?(~)AP/P(~)  with  r(b) -  200 keV 
and AP/P(~) -  0,l (~ef.  4),  which is the uncer- 
tainty in the measurement of  the ionization prob- 
ability,  Although in a somewhat indirect way,  a 
full-scale spectroscopy of  superheavy atomic 
states will result,  giving us valuable insight into 
the physics of  very tightly bound,  highly rela- 
tivistic systems. 
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This paper reports on the analysis of  a spatially extended collection of two-level sys- 
tems inside a cavity filled with electromagnetic radiation.  A  new feature of the analysis 
is the consideration of different strengths of coupling between different atoms and the 
field (due to the variation of the field intensity inside the cavity).  The results are quali- 
tatively different from those obtained under the assumption of equal coupling for all 
atoms. 
The interaction of  a number of  two-energy-lev- 
el systems (TLSYs)  with the electromagnetic field 
has received much attention in the literature.' 
Emission of  radiation into free space by a collec- 
tion of  TLS's  has been investigated by numerous 
authors both in the case where the TLS's are con- 
finedL2  to a small spatial region (in comparison 
with the wavelength of  the emitted radiation), 
and in the ~ase~'~  of  larger spatial regions ne- 
glecting the reaction of  the field on the TLS's. 
For the problem of  emission inside a cavity,  as 
encountered in theoretica15 laser models, the 
field reaction is  important and cannot be neglect- 
ed.  Previous inve~tigatioils~'~  have concentrated 
on the case where the TLS's are confined to a 
small region and couple equally with the field. 
It is the purpose of  the present paper to analyze 
the behavior of  a spatially extended collection of 
TLS's  inside the cavity.  It is showil that the total- 
system behavior is  qualitatively different from 
that of  a localized collection and also different 
from that predicted by a previous approach7  to 
the Same problem. 
My  system consists of  a number of  TLS's and 
a resonant radiation mode of  angular frequency 
W.  The jth TLS is described by three angular- 
momentum operators 2 ,(  j), 1  ,(  j), and L,(  j), sat- 
isfying [I,, (j),l,(j)]  =zl,(j).  The electec and mag- 
netic fields are given respectively by E(;,  t) 
= -  (4~Ew)'%(T.)p(t)  and BG,  t)  = (47rcZZ  W)"V 
~7i(F)~(t).  V)  satisfies V2Ü(E.) + (w2/c2)ÜG)  = 0 
and is  normalized over the cavity voluine;  q and 
p are dimensioilless variables satisfying Lq,p] =i. 
The Hamiltonian is  given (using the rotating-wave 
and electric-dipole  approximations) by 
where u =2-"'(q+ip),  ~'=2-~~(~-ip),  [at,u]  = 1, 
and l,( j) =2-*'[11(j)f  12( j)].  The coupling constant 
is given by g(  j) = (4r~w/~)''~~  * G(;,);  is the tran- 
sition dipole moment taken to be real; and 5 is 
the position of  the jth TLS in the cavity.  Take 
.+  .+  u(r) to be a standing wave depending on one spa- 
tial ~oordinate,~  :(T.)  =Ü(O) sin(w'c/c).  Thus 
All TLS's having a certain x coordinate or an x 
coordinate differing from it by a multiple of  one 
quarter-wavelength,  ih  =~c/2w,  have equal coup- 
ling constants.  All such TLS's may be combined 
into a single quantunl mechanical system, which 
has been216 referred to as  angular momentum os- 
cillator (AMO).  Each AM0 is described by angu- 
lar-momentuin  components (equal to the algebra- 
ic Sums of  those of  its constituent TLS's),  and a 
total angular-momentum quantum number L,. 
Let us assume that all TLS's are excited initially 
so that L, has its maximal value,  i.e.,  one half 
times the number of  TLS's combined into the 
AMO;  thus, L, is  a macroscopic nun~ber. The 
summation in Eq.  (1)  is  now to be understood as 
summation over AMO's. 
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